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Filtering algorithms for the unary resource constraint
PETR VILÍM

Scheduling is one of the most successful application areas of constraint programming
mainly due to special global constraints designed to model resource restrictions. Among
scheduling constraints, the most useful and most studied constraint is probably the unary resource constraint. This paper presents state-of-the-art filtering algorithms for this important
constraint. These algorithms are very fast (almost all of them has time complexity O (n log n))
and furthermore they are able to take into account so called optional activities, that is, activities
which may or may not appear in the schedule depending for example on a resolution of an alternative processing rule(s). In particular, this paper presents the following algorithms: overload
checking, edge finding, not-first/not-last, detectable precedences and precedence energy.
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1.

Introduction

In this article we consider a scheduling problem which is to assign exact dates to a
set of known activities so that the resulting schedule satisfy all user-defined constraints.
Typically these constraints include:
• Release dates: an activity cannot start before given date (for example the activity
waits for a delivery of a material by an external supplier).
• Due dates: an activity must end before given date (for example there are some
deadlines which must be respected).
• Processing times: each activity has some duration. For simplicity we will assume
in this paper only non-interruptible activities with predetermined processing times.
• Precedences: typically there are dependencies between activities which require,
for example, that one particular activity can start only after another particular activity completes.
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• Unary resource constraints: some activities may require a unique resource during
their processing (e.g. a particular skilled worker, a particular machine or a particular room) which cannot be used by two activities at the same time. Therefore these
activities cannot overlap in time.
• Cumulative resource constraints: can be used to model a limited pool of equivalent
workers. Each activity may require some number of workers during its processing,
the constraint assures that at any time in the resulting schedule the total number of
used workers does not exceed the size of the pool.
• Reservoirs: can be used to model a quantity of an intermediate product during
time. Some activities may produce this intermediate product (that is they increase
the level of the reservoir) while others may consume it (they decrease the level
of the reservoir). The constraint assures that the level never gets bellow zero and
never exceeds given amount (maximum storage capacity).
In the first part of the paper we will assume that all of the activities must be executed
(that is, we have to assign starting times to all activities). In the second part we will
extend the problem by so called optional activities, which does not have to be necessarily
executed. For example, there may be some alternative production recipes and part of the
scheduling problem is to decide which one of them best suits current needs (and activities
in all other alternatives are abandoned).
In general the scheduling problem described above is NP-hard. Already one unary
resource constraint over activities with release and due dates is NP-hard in the strong
sense (see problem [SS1] on page 236 in [15]). That is one of the reasons why Constraint
Programming (CP) turned out to be one of the most effective approaches in solving such
problems.
In CP we see each activity i as a decision variable with the following attributes:
• the earliest possible starting time esti ,
• the latest possible completion time lcti ,
• the processing time pi .
The values esti and lcti are initialized by release dates and due dates (or they are set
to −∞ and ∞ if there are no such dates) but they will not stay constant. The key idea
of CP is that although we do not know exact dates yet, we try to eliminate infeasible
dates from the time windows hesti , lcti i by carefully reasoning about each constraint
separately1 . Each constraint has associated so called propagation (or filtering) algorithm
which removes such infeasible values by contracting intervals hesti , lcti i.
1 To be precise, sometimes we even consider several constraints at the same time in the reasoning – see
for example Precedence Energy in Section 2.6

FILTERING ALGORITHMS FOR THE UNARY RESOURCE CONSTRAINT

161

Due to the NP-hardness of some constraints, it is not tractable to remove all infeasible values. Instead, it is customary to use fast but incomplete filtering algorithms which
can remove only some of the impossible assignments.
Another key point of CP is that filtering algorithms for different constraints are able
to cooperate, i.e., when one filtering algorithm removes an infeasible value, other algorithms are able to ‘react’: they take this new information into account and try to further
restrict other decision variables. This way, filtering algorithms are usually repeated until
they reach a fixpoint. For more information about that technique and CP in general, see
for example [13].
When a fixpoint is reached, it is usually still not a solution. Therefore it is necessary
to use some search technique (depth first search for example) to explore the remaining
search space. However, filtering algorithms are still in use to further restrict the variables
after each decision. Thus filtering algorithms are repeated in every node of the search tree
and everything depends on their filtering power and their speed. Note that with depth first
search, it is necessary to restore all values of esti and lcti upon backtracking (for example
using a trail).
This article has the following structure. First, we finish the introduction by giving a
brief historical review on the subject and deeper explanation of the fixpoint. Then Section 2 ‘Propagation Rules’ presents the mathematical rules which drive the algorithms
and prove their correctness. This is followed by Section 3 ‘Filtering Algorithms’ which
presents the actual algorithms and the data structures behind them. And finally Section 4
‘Optional Activities’ describe how to take into account optional activities. The paper
does not contain any experimental results of discussed algorithms, interested reader can
find them in [26, 27, 28].
1.1. Historical review: unary resource

During the time there were designed several filtering algorithms for the unary resource constraint. Often these algorithms remove different types of inconsistent values
therefore they can be used together.
The following paragraphs are dedicated to the brief history of the most famous of
them. More details about each algorithm will be provided in the next chapters.
1.1.1.

Edge finding

Edge Finding is the oldest and the most famous filtering algorithm for the unary
resource constraint. The first version of this algorithm was proposed by Jacques Carlier
and Eric Pinson in [10]. Their algorithm has time complexity O (n log n), but it is quite
complicated to implement.
Later other two versions of this algorithm were developed by Paul Martin with David
B. Shmoys [18] and Wim Nuijten [22]. These versions have time complexity O (n2 ), but
are much easier to implement and therefore they are widely used today.
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This article describes a new version of this algorithm with time complexity

O (n log n), which is not so hard to implement as the algorithm in [10]. Together with
Roman Barták and Ondřej Čepek I published the algorithm in [27] and [28].
1.1.2. Not-first/not-last

The first Not-First/Not-Last algorithm was introduced by Philippe Baptiste and
Claude Le Pape in [5], its time complexity is O (n2 ).
Later Philippe Torres and Pierre Lopez designed a simpler and faster version of this
algorithm [24], but its worst-case time complexity remains the same – O (n2 ). To achieve
the same filtering as the original algorithm [5], more iterations of the algorithm may be
needed. Nevertheless this algorithm is faster than the previous one.
In this article I describe a new version of this algorithm with worst-case time complexity O (n log n). I already published the algorithm in [26] and [28]. Like the algorithm [24], more iterations may be needed in order to achieve the filtering of the original
algorithm [5], but the algorithm is faster than [24].
1.1.3.

Detectable precedences

This is a new algorithm with worst-case time complexity O (n log n) which I introduced in [26]. The algorithm was also published in [28].
1.1.4.

Precedence energy (precedence graph)

Propagation based on precedence energy was mentioned by several authors, e.g., by
Brucker in [8] or by Focacci, Laborie and Nuijten in [14]. In this article I present a simple
O (n2 ) algorithm which was also published in [26]. This algorithm is tightly related to
Detectable Precedences algorithm.
1.1.5. Overload checking

Overload Checking was originally part of the Edge Finding [10, 18, 22]. However,
for quick computation of the fixpoint (see the next chapter), it is useful to separate these
two algorithms.
Overload Checking is not a true filtering algorithm – it does not propagate. However
by detecting so called overloaded intervals it stops the propagation when no solution can
exist.
1.1.6.

Other algorithms

There is a number of other algorithms which are not described in this paper. For
example:
• Sweeping: Sweeping is another propagation technique for unary resource constraint. Sweeping algorithm proposed by Wolf in [30] has the same propagatison
power as algorithms Edge Finding and Not-First/Not-Last together. The worstcase time complexity of this algorithm is O (n2 ).
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• Task Intervals: Propagation using task intervals is presented in [11, 12]. Unlike the
algorithms mentioned above this technique stores some data from one run of the
algorithm to another. Using this data it is able to react to the changes since the last
run more quickly. The theoretical worst-case time complexity of this algorithm is
O (n3 ) however in practice it should be considerably faster.
• Input-or-Output Test: is an O (n2 ) algorithm for more sophisticated detection of
necessary precedences on an unary resource, see [9].
• Position-based propagation: which improves temporal bounds by reasoning about
sequence number of each activity on an unary resource [20].
1.2. Other scheduling constraints

Although the main topic of this paper is the unary resource constraint, let us quickly
mention some filtering algorithms for other kind of resource constraints.
1.2.1.

Cumulative resource constraint

As cumulative resource can be seen as an extension of unary resource constraint, it is
possible to extend some filtering algorithms for unary resource to the cumulative version.
Examples of such algorithms are Overload Checking [31], Edge Finding [19] and NotFirst/Not-Last [23]. There are also specific filtering algorithms for cumulative resource,
for example Energetic Reasoning [3, 4]. With exception of Overload Checking these
algorithms have bigger time complexity than algorithms for unary resource constraint,
for this reason it pays off to use also Time Table propagation [21] which is less powerful
but incremental and therefore very fast.
1.2.2.

Reservoir

Reservoir is the most complicated of the mentioned resource constraints. It is possible to use Time Table propagation for it, a good example of more powerful filtering
algorithm is Balance Constraint [17].
1.3. Fixpoint

With the exception of the Overload Checking, all filtering algorithms which will be
further discussed in this paper are not idempotent. It means that after a successful run of
the algorithm, a subsequent run of the same algorithm can find more changes. To achieve
the maximum pruning we have to iterate the algorithm until no more changes are found.
Moreover several filtering algorithms can be used together because each one removes
different types of inconsistencies. Thus we compute a fixpoint – a state when no filtering
algorithm is able to find any more changes. The process of computation of the fixpoint
is illustrated by Algorithm 1.
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Algorithm 1: Computation of the fixpoint
1
2
3
4
5
6
7
8
9
10
11
12
13
14

repeat
repeat
repeat
repeat
if not Overload Checking then
fail;
Detectable Precedences;
until no more propagation;
Not First/Not Last;
until no more propagation;
Edge Finding;
until no more propagation;
Precedence Energy;
until no more propagation;

As Krzysztof Apt proved by the Domain Reduction Theorem [2], if all propagation rules are monotonic (and that is our case) then the sequence in which the filtering algorithms are called is not important – the resulting fixpoint will be always the
same. However total running time depends on the sequence significantly. It pays off to
call first algorithms which are fast and find most updates, for example as proposed in
Algorithm 1.
Thus monotonicity of the filtering algorithms is quite important. Informally, a filtering algorithm f is monotonic if it cannot miss a propagation just because another
filtering algorithm g was executed before it. That is, let us consider two input data for
the filtering algorithm f , the second input data are derived from the first one by applying
filtering algorithm g. If f is monotonic then its application on the first input data cannot
yield better result than on the second one.

2.

Propagation rules

In this chapter we define rules which are the roots of propagation algorithms for the
unary resource in this article. Sometimes we will study equivalence of different formulations of the same rule (for example for Edge Finding). In some cases we will study how
different rules relate with each other (Detectable Precedences and Precedence Energy).
The algorithms themselves will be presented later in Section 3.
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2.1. Basic notation

In this section we establish basic notation about unary resource and activities. For
an activity i we already defined the earliest start time esti , the latest completion time lcti
and the processing time pi . Now, we will extend this notation for a set of activities.
Let T be the set of all activities on the resource and let Ω ⊆ T be an arbitrary nonempty subset of T . The earliest starting time estΩ , the latest completion time lctΩ and
the processing time pΩ of the set Ω are defined as:

estΩ = min est j , j ∈ Ω

lctΩ = max lct j , j ∈ Ω
pΩ =

∑ pj

j∈Ω

Often we will need a lower bound of the earliest completion time of the set Ω. Computation of the true lower bound would be slow because the problem is NP-hard. Therefore
we use the following lower bound instead:

ectΩ = max estΩ′ + pΩ′ , Ω′ ⊆ Ω

(1)


lstΩ = min lctΩ′ − pΩ′ , Ω′ ⊆ Ω

(2)

Symmetrically we define an estimation of the latest start time:

To extend the definitions also for Ω = Ø let:
est0/ = −∞

lct0/ = ∞

p0/ = 0

ect0/ = −∞

lst0/ = ∞

2.2. Overload checking

The rule for Overload Checking is the simplest of the presented rules. This rule
checks whether it can be quickly proved that the problem has no solution. In that case
we can stop the filtering.
The easiest way how to detect an infeasibility in CP is to find a variable with empty
domain. For an activity i it means that esti + pi > lcti . This check is used whenever esti
or lcti is changed. For simplicity we do not emphasize this in the filtering algorithms.
However, this simple check can be further extended as follows. Let us consider an
arbitrary set Ω ⊆ T . The overload rule (see e.g. [29]) says that if the set Ω cannot be
processed within its bounds then no solution exists (see Figure 1):
∀Ω ⊆ T :

(estΩ + pΩ > lctΩ

⇒

fail)

(OL)

This is a classical formulation of the Overload Checking rule. However for implementation of this rule, an equivalent formulation may be more convenient.
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Figure 1. A sample problem for Overload Checking

Let us define a ‘left cut by the activity j’ as a set:

LCut(T, j) = k, k ∈ T & lctk ¬ lct j

(3)

The new rule is:

∀j ∈ T :

ectLCut(T, j) > lctLCut(T, j)

⇒

fail



(OL’)

On Figure 1, LCut(T, b) = {a, b, c}, estLCut(T,b) = 0+ 5+ 5+ 6 = 16 and lctLCut(T,b) = 14,
therefore the rule (OL’) recognizes that no solution exists.
Proposition 1 The rules (OL) and (OL’) are equivalent.
Proof The proof has two parts. First we prove that when the rule (OL) detects an inconsistency, then the rule (OL’) will detect it too. After that we will prove the opposite
implication.
1. Let the rule (OL) detects an inconsistency. Let j be such an activity from the set Ω
that lct j = lctΩ . Clearly lct j = lctLCut(T, j) holds. Moreover Ω ⊆ LCut(T, j) and
therefore estΩ + pΩ ¬ ectLCut(T, j) . So we have:
lctLCut(T, j) = lct j = lctΩ < estΩ + pΩ ¬ ectLCut( j)
lctLCut(T, j) < ectLCut(T, j)
and the rule (OL’) also detects an inconsistency.
2. Let the rule (OL’) detects an inconsistency. We define Ω to be such a subset of
LCut(T, j), that estΩ + pΩ = ectLCut(T, j) (due to the definition (1) such a set must
exists). And thus:
estΩ + pΩ = ectLCut(T, j) > lctLCut(T, j)  lctΩ
estΩ + pΩ > lctΩ
and so the rule (OL) also detects an inconsistency.
⊓
⊔
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2.3. Edge finding

Edge Finding is probably the most frequently used filtering algorithm for a unary
resource constraint. The algorithm is based on the following rule (see e.g., [5]).
Let us consider a set Ω ⊆ T and an activity i 6∈ Ω. If the following condition holds,
then the activity i has to be scheduled after all activities from the set Ω (see also Figure 2):


∀Ω ⊂ T, ∀i ∈ (T \ Ω) :
estΩ∪{i} + pΩ∪{i} > lctΩ ⇒ Ω ≪ i
Once we know that the activity i must be scheduled after the set Ω, we can adjust
esti :
Ω≪i

⇒

esti := max {esti , ectΩ }

(4)

The whole rule is:
∀Ω ⊂ T, ∀i ∈ (T \ Ω) :


estΩ∪{i} + pΩ∪{i} > lctΩ ⇒ Ω ≪ i ⇒ esti := max {esti , ectΩ }
(EF)
c
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Figure 2. A sample problem for Edge Finding: estC can be updated from 4 to 18.

There is also a symmetric rule, which adjust lcti :
∀Ω ⊂ T, ∀i ∈ (T \ Ω) :


lctΩ∪{i} − pΩ∪{i} < estΩ ⇒ i ≪ Ω ⇒ lcti := min {lcti , lstΩ }

Since the rules are symmetric, in the following we will consider only the first rule
(EF).
The traditional rule can be rewritten into an equivalent form, which is more suitable
for the algorithm presented later in Section 3.7:
∀ j ∈ T, ∀i ∈ T \ LCut(T, j) :

ectLCut(T, j)∪{i} > lct j ⇒ LCut(T, j) ≪ i ⇒ esti := max esti , ectLCut(T, j)

(EF’)
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Proposition 2 When the resource is not overloaded according to the rule (OL), then the
rules (EF) and (EF’) are equivalent.
Note that if the resource is overloaded then it is needless to compare the rules (EF)
and (EF’) because the propagation will end by fail anyway.
Proof We will prove the equivalence by proving both implications.
1. First, let us prove that the new rule (EF’) generates all the changes which the
original rule (EF) does.
Let us consider a set Ω ⊆ T and an activity i ∈ T \ Ω. Let j be one of the activities
from Ω for which lct j = lctΩ . Due to this definition of j we have Ω ⊆ LCut(T, j)
and so (recall the definition of ect):
ectΩ ¬ ectLCut(T, j)
And also:
estΩ∪{i} + pΩ∪{i} = min {estΩ , esti } + pΩ + pi ¬ ectLCut(T, j)∪{i}
Thus: when the original rule (EF) holds for Ω and i, then the new rule (EF’) holds
for LCut(T, j) and i too, and the change of esti is at least the same as the change
by the rule (EF). Hence the first implication is proved.
2. Now we will prove the second implication: filtering according to the new rule
(EF’) will not generate any changes which the old rule (EF) cannot generate too.
Let us consider a pair of activities i, j for which the new rule (EF’) holds. We
define a set Ω′ as a subset of LCut(T, j) ∪ {i} for which:
ectLCut(T, j)∪{i} = estΩ′ + pΩ′

(5)

Note that due to the definition (1) of ect such a set Ω′ must exist.
If i 6∈ Ω′ then Ω′ ⊆ LCut(T, j), therefore
(EF ′ )

(5)

estΩ′ + pΩ′ = ectLCut(T, j)∪{i} > lct j  lctΩ′
So according to the rule (OL) the resource is overloaded. As was noted above,
in this case we do not care whether the rules are equivalent or not because the
propagation will end by fail anyway.
Thus i ∈ Ω′ . Let us define Ω = Ω′ \ {i}. We will assume that Ω 6= Ø, because
otherwise esti  ectLCut(T, j) and the rule (EF’) achieves nothing. For this set Ω we
have:
(5)

(EF ′ )

min {estΩ , esti } + pΩ + pi = estΩ′ + pΩ′ = ectLCut(T, j)∪{i} > lct j  lctΩ
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Hence the rule (EF) holds for the set Ω.
To complete the proof we have to show that both rules (EF) and (EF’) adjust
esti equivalently, i.e., ectΩ = ectLCut(T, j) . We already know that ectΩ ¬ ectLCut(T, j)
because Ω ⊆ LCut(T, j). Suppose now for a contradiction that:
ectΩ < ectLCut(T, j)

(6)

Let Φ be a set Φ ⊆ LCut(T, j) such that:
ectLCut(T, j) = estΦ + pΦ

(7)

Therefore:
(6)

(7)

estΩ + pΩ ¬ ectΩ < ectLCut(T, j) = estΦ + pΦ

(8)

Because the set Ω′ = Ω ∪ {i} defines the value of ectLCut(T, j)∪{i} (because
estΩ′ + pΩ′ = ectLCut(T, j)∪{i} ), it has the following property (see the definition of
ect):
∀k ∈ LCut(T, j) ∪ {i} :

estk  estΩ′ ⇒ k ∈ Ω′

And because Ω = Ω′ \ {i}:
∀k ∈ LCut(T, j) :

estk  estΩ′ ⇒ k ∈ Ω

(9)

Similarly, the set Φ defines the value of ectLCut(T, j) :
∀k ∈ LCut(T, j) :

estk  estΦ ⇒ k ∈ Φ

(10)

Combining properties (9) and (10) together we have that either Ω ⊆ Φ (if estΩ′ 
estΦ ) or Φ ⊆ Ω (if estΩ′ ¬ estΦ ). However, Φ ⊆ Ω is not possible, because in
this case estΦ + pΦ ¬ ectΩ which contradicts the inequality (8). The result is that
Ω ( Φ, and so pΩ < pΦ .
Now we are ready to prove the contradiction:
(5)

ectLCut(T, j)∪{i} =

= estΩ′ + pΩ′
= min {estΩ , esti } + pΩ + pi
= min {estΩ + pΩ + pi , esti + pΩ + pi }
< min {estΦ + pΦ + pi , esti + pΦ + pi }
¬ ectLCut(T, j)∪{i}

because Ω = Ω′ \ {i}
by (8) and pΩ < pΦ
because Φ ⊆ LCut(T, j)
⊓
⊔
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The rule (EF’) has a very useful property, which will be used in the algorithm:
Property 1 To achieve maximum propagation by the rule (EF’) for a given activity i ∈
T , it is sufficient to look for an activity j ∈ (T \ {i}) such that (EF’) holds and lct j is
maximum.
Proof Let us consider an activity i and two different activities j1 and j2 for which the
detection part of the rule (EF’) holds. Moreover let lct j1 ¬ lct j2 . Then LCut(T, j1 ) ⊆
LCut(T, j2 ) and so ectLCut(T, j1 ) ¬ ectLCut(T, j2 ) . Therefore j2 yields a better propagation
than j1 .
⊓
⊔
2.4. Not-first/not-last

Not-First and Not-Last are two symmetric propagation algorithms for the unary resource. From these two, we will consider only the Not-Last algorithm.
The algorithm is based on the following rule. Let us consider a set Ω ( T and an
activity i ∈ (T \ Ω). The activity i cannot be scheduled after the set Ω (i.e., i is not last
within Ω ∪ {i}) if:
estΩ + pΩ > lcti − pi

(11)

In that case, at least one activity from the set Ω must be scheduled after the activity i.
Therefore the value lcti can be updated:


lcti := min lcti , max lct j − p j , j ∈ Ω
(12)
The full Not-Last rule is:

∀Ω ( T, ∀i ∈ (T \ Ω) :


estΩ + pΩ > lcti − pi ⇒ lcti := min lcti , max lct j − p j , j ∈ Ω

(NL)

For a demonstration, see Figure 3.
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Figure 3. A sample problem for Not-Last: lctC can be changed from 20 to 17.

The only algorithm which is based directly on this rule is by Baptiste and Le Pape [5].
The main difficulty of this algorithm is to find the set Ω which achieves the maximum
filtering of lcti for a given activity i.
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Torres and Lopez [24] modified this rule in the following way. In order to achieve the
fixpoint the algorithm must be iterated (see Chapter 1.3). Therefore it is not necessary to
achieve the best filtering in the first iteration, the filtering can be further improved in the
next runs of the algorithm.
Let the activity i be fixed. If there is a set Ω for which the rule (NL) propagates it
must be a subset of:

(13)
NLSet(T, i) = j, j ∈ T & lct j − p j < lcti & j 6= i

Because otherwise max lct j − p j , j ∈ Ω  lcti . The question is whether there is such
a set Ω ⊆ NLSet(T, i) for which also the detection part of the rule (NL) holds, i.e.,
estΩ + pΩ > lcti − pi . It exists if and only if:
max {estΩ + pΩ , Ω ⊆ NLSet(T, i)} = ectNLSet(T,i) > lcti − pi
It is not necessary to search for the actual set Ω. By the definition of the set NLSet(T, i)
it holds:


max lct j − p j , j ∈ Ω ¬ max lct j − p j , j ∈ NLSet(T, i) < lcti


Thus the value lcti can be updated to max lct j − p j , j ∈ NLSet(T, i) . And if it can be
updated better it will be done in the next runs of the algorithm.
The whole modified not-last rule is:
∀i ∈ T :

ectNLSet(T,i) > lcti − pi

⇒

lcti := max lct j − p j , j ∈ NLSet(T, i)

(NL’)

Let us demonstrate the difference between rules (NL) and (NL’) on sample
problem on Figure 4. Rule (NL) immediately updates lcte using Ω = {b, c} to
max{lctb − pb , lctc − pc } = 15. However NLSet(e) = {b, c, d} and therefore rule (NL’)
updates lcte to max{lctb − pb , lctc − pc , lctd − pd } = 19. But during the following application of rule (NL’) the activity d is no longer in NLSet(e) (because of the changed
lcte = 19) and therefore lcte is finally updated to 15.
Proposition 3 Considering an activity i, at most n − 1 iterative applications of the rule
(NL’) achieve the same filtering as one application of the rule (NL).
Proof Let Ω be the set which induces the maximum change of the value lcti by the rule
(NL). Until the same value of lcti is reached, in each iteration of the rule (NL’) holds that
Ω ⊆ NLSet(T, i). The reason follows. Because the rule (NL) propagates for the set Ω it
must be that max{lct j − p j , j ∈ Ω} < lcti . Thus:
∀j ∈ Ω :

lct j − p j < lcti
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Figure 4. The difference between rules (NL) and (NL’). Rule (NL) immediately updates lcte to 15 while
rule (NL’) updates lcte first to to 19 and only then to 15.

And because i 6∈ Ω we get that Ω ⊆ NLSet(T, i). Thus:
ectNLSet(T,i)  estΩ + pΩ > lcti − pi
and the rule (NL’) holds and propagates.
After each successful application of the rule (NL’) the value lcti is decreased. This
removes at least one activity from the set NLSet(T, i). Therefore the final value of lcti
must be reached after at most n − 1 iterations and it is the same as for the rule (NL). ⊓
⊔
Note that the rule (NL’) does not have to be iterated for each activity i separately
and the iterations can be even mixed with other algorithms. Because both the rules (NL)
and (NL’) are monotonic, the resulting fixpoint will be the same. However the number
of iterations can differ, the maximum number of n − 1 iterations is not guaranteed in this
case.
2.5. Detectable precedences

The idea of detectable precedences was introduced in [25] for a batch resource with
sequence dependent setup times and then simplified for the unary resource in [26]. Figure 5 provides an example when neither Edge Finding nor Not-First/Not-Last algorithm
is able to change any bounds.
Not-First algorithm recognizes that the activity a must be processed before the activity c, i.e. A ≪ C, and similarly B ≪ C. Still, each of these precedences alone is weak: they
do not enforce change of any bound. However, from the knowledge {A, B} ≪ C we can
deduce that estC  estA + pA + pB = 10. This is exactly what the Detectable Precedences
algorithm does.
Definition 1 Let i and j be two different activities from the same resource. A precedence
j ≪ i is called detectable, if it can be ‘discovered’ only by comparing bounds of the two
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activities:
esti + pi > lct j − p j

⇒

j≪i

(14)

a
b
c
0

5

10

15

t

Figure 5. A sample problem for Detectable Precedences. estC can be changed from 7 to 10.

Notice that in Figure 5 both precedences A ≪ C and B ≪ C are detectable.
The propagation rule follows. Let us define a set of all ‘detectable predecessors’ of
the activity i as a set:

DPrec(T, i) = j, j ∈ T & esti + pi > lct j − p j & j 6= i
(15)

Because DPrec(T, i) ≪ i, we can adjust the earliest starting time of the activity i (notice
similarity with the Edge Finding rule (4)):

∀i ∈ T : esti := max esti , ectDPrec(T,i)
(DP)
There is also a symmetric rule for precedences j ≫ i, but we will not consider it here,
nor the resulting symmetric algorithm. It is completely symmetrical.
2.6. Precedence energy

Filtering power of the previous rule can be further increased if we consider all types
of precedences and not only the detectable ones. In particular:
1. Precedences coming from the original problem itself.
2. Precedences added later during the search as search decisions.
3. Detectable precedences.
4. Precedences discovered by Edge Finding, see rule (EF).
5. New precedences can be also detected by combining some precedences we already know. For example if a ≪ b is a search decision and b ≪ c is a detectable
precedence then a ≪ c is also a valid precedence. This is what we call a transitive
closure of precedences (which will be defined later).
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Taking all these precedences into account we can create so called precedence graph
and define a set of all predecessors of an activity i on a resource as:
Prec(i) = { j, j ∈ T & j ≪ i}

(16)

where the precedence j ≪ i can be of arbitrary type.
The propagation rule is (notice the similarity with the rules (4) and (DP)):

∀i ∈ T : esti := max esti , ectPrec(i)

(PE)

There is also a symmetric version for adjustment of lcti .
The main difficulty is to find all these precedences, i.e., construct the precedence
graph. After that propagation according to this rule is quite easy, the algorithm is presented in Chapter 3.1.
In the rest of this chapter we will present several propositions which help us to build
the set Prec(i) more easily.
2.6.1.

Detectable precedences

A useful property of detectable precedences is that once a precedence is detectable
it stays detectable:
Proposition 4 Let j ≪ i be a detectable precedence. Then it stays detectable after any
additional propagation and/or any addition search decisions.

b
c
0

5

10

15

t

Figure 6. Detectable precedence b ≪ c from Figure 5 after some propagation: estb has changed from 1 to
3, estc from 7 to 10 and lctc from 17 to 15. The precedence b ≪ c is still detectable.

Proof For a demonstration see Figure 6.
Let esti and lct j be bounds of activities i and j in the time when j ≪ i is detectable.
And let est′i and lct′j be values of the same bounds after some propagation and/or search
decisions2 .
The precedence j ≪ i was detectable therefore:
esti + pi > lct j − p j
2 Values

pi and p j cannot change, we assume they are constant.
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Propagation and search decisions can only increase the value esti and decrease the value
lct j therefore it holds:
est′i  esti
lct′i ¬ lcti
Thus:

est′i + pi > lct′j − p j

Therefore the precedence j ≪ i is still detectable.
2.6.2.

⊓
⊔

Precedences from edge finding

Proposition 5 When Edge Finding is unable to find any further bound adjustment then
all precedences which Edge Finding found are detectable.
Proof Let us suppose that Edge Finding proved Ω ≪ i. We will show that for an arbitrary activity j ∈ Ω Edge Finding made esti big enough to make the precedence j ≪ i
detectable.
Edge Finding proved Ω ≪ i therefore the triggering condition in the rule (EF) was
valid before the filtering:
min (estΩ , esti ) + pΩ + pi > lctΩ
Since that, the bounds of all activities could have changed: est could have been increased
and lct could have been decreased. However these changes cannot invalidate this condition, therefore it has to be still valid. And so:
estΩ > lctΩ − pΩ − pi

(17)

Edge Finding is unable to further change any bound. According to the rule (EF) it means
that:
esti  max{estΩ′ + pΩ′ , Ω′ ⊆ Ω}
esti  estΩ + pΩ
In this inequality, estΩ can be replaced by the right side of the inequality (17):
esti > lctΩ − pΩ − pi + pΩ
esti > lctΩ − pi
lctΩ  lct j because j ∈ Ω. Using this we get:
esti > lct j − pi
esti + pi > lct j − p j
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So the condition (14) holds and the precedence j ≪ i is detectable.
The proof for the precedences resulting from i ≪ Ω is symmetrical.

⊓
⊔

So when we are looking for all precedences on a resource, we do not have to remember all precedences found by Edge Finding because they become detectable anyway. The
item 4 from the page 173 is only a subset of the item 3.
2.6.3.

Propagated precedences

Before we continue, let us define a propagated precedence. Once we know about
some precedence, we propagate it. Depending on the type of the precedence we use different algorithms: binary precedence constraint, Detectable Precedences, Edge Finding
or Precedence Energy. In all these cases the adjustment is done according to the same
idea (see rules(DP), (EF), (PE) and Figure 7):
Ω≪i

⇒

esti := max {esti , ectΩ }

This allows to define a propagated precedence as follows.
Definition 2 Let i and j be two different activities on the same resource and let j ≪ i.
The precedence j ≪ i is called propagated iff the activities i and j fulfill the following
two inequalities:
esti  est j + p j
lct j ¬ lcti − pi

b
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Figure 7. Detectable precedence b ≪ c from Figure 6 after being propagated (lctb was changed from 14 to
12). I.e. b ≪ c is now both detectable and propagated (but note that not all propagated precedences must be
detectable).

In the following we will assume that we do not miss a propagation of any known
precedence and therefore all known precedences eventually become propagated.
2.6.4.

Transitive closure of precedences

First let us define a transitive closure:
Definition 3 Precedences on a resource forms transitive closure iff:
∀i, j, k ∈ T : i ≪ j & j ≪ k ⇒ i ≪ k
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The idea is that we can achieve better filtering by taking into account the precedences
resulting from the transitivity rule above, see for example [8] or [14]. In this section we
will show how to compute the transitive closure more effectively.
Let us summarize the results of the previous paragraphs. We defined two types of
precedences on an unary resource:
A. Detectable precedences. These are the most easy precedences to find. They originate from:
(a) the Detectable Precedences algorithm,
(b) the Edge Finding algorithm.
B. Non-detectable but propagated precedences. They originate from:
(a) the original problem itself,
(b) search decisions.
The question is: will be a precedence resulting from the transitivity rule detectable
or not? As we will see in the following, in the most cases it will be detectable (and thus
already known). This is the key to make computation of transitive closure more effective.
Lemma 1 Let a ≪ b, b ≪ c and one of these precedences is detectable and the other
one is propagated. Then the precedence a ≪ c is detectable.
Proof We distinguish two cases:
1. a ≪ b is detectable and b ≪ c is propagated.
Because the precedence b ≪ c is propagated:
estc  estb + pb
and because the precedence a ≪ b is detectable:
estb + pb > lcta − pa
estc > lcta − pa
Thus the precedence a ≪ c is detectable.
2. a ≪ b is propagated and b ≪ c is detectable.
Because the precedence a ≪ b is propagated:
lctb − pb  lcta
And because the second precedence b ≪ c is detectable:
estc + pc > lctb − pb
estc + pc > lcta
Once again, the precedence a ≪ c is detectable.
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⊓
⊔
Now we are able to prove the following proposition:
Proposition 6 Let i1 , i2 , . . . , in ∈ T and let i1 ≪ i2 ≪ · · · ≪ in be precedences such that
one of them (ik ≪ ik+1 ) is detectable and all remaining precedences are propagated.
Then the precedence i1 ≪ in is detectable.
Proof By induction on n. For n = 1 the proposition is trivially true, for n = 2 the proposition is proved by Lemma 1. Now lets suppose that the proposition is valid for n, we
will prove that it is valid also for n + 1. For a demonstration see Figure 2.

Figure 8. Computation of transitive closure.

According to Lemma 1:
• If k ¬ n − 1 then ik ≪ ik+1 ≪ ik+2 can be replaced by detectable precedence ik ≪
ik+2 ,
• otherwise ik−1 ≪ ik ≪ ik+1 can be replaced by detectable precedence ik−1 ≪ ik+1 .
In both cases resulting sequence of precedences has length only n and contains detectable precedence. Therefore (according to the induction assumption) i1 ≪ in is detectable precedence.
⊓
⊔
As mentioned earlier, all precedences eventually become propagated. Thus (using
the last proposition) the transitive closure can be computed as a union of:
1. Detectable precedences.
2. transitive closure of non-detectable precedences.
The set of non-detectable precedences is mostly static – usually non-detectable
precedences are introduced during a search only as search decisions. This strongly limits
the number of times when the transitive closure must be recalculated.
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Filtering algorithms

In this chapter we describe filtering algorithms for the propagation rules presented
earlier. Most of the algorithms are based on the data structure called Θ-tree, which is
described in a special chapter.
To make the description of the algorithms more comprehensible the algorithms are
presented in a different order than the propagation rules.
3.1. Precedence energy

Propagation according to the precedence energy is the only presented algorithm for
the unary resource constraint which does not use the Θ-trees, therefore it is presented
first.
Algorithm 2 requires a transitive closure of non-detectable precedences and its extension whenever new non-detectable precedence (search decision) is added into the system
(as was described in Section 2.6). Note that upon backtracking it is necessary to return
the precedence graph into its previous state.
The idea of Algorithm 2 is as follows. For each activity i we compute the value
ectPrec(i) and store it in the variable m. The test j ≪ i on the line 4 considers all types
of precedences – detectable as well as non-detectable (including precedences from the
transitive closure). The worst-case time complexity of the algorithm is O (n2 ).
Algorithm 2: Precedence Energy Based Filtering
1
2
3
4
5
6
7

for i ∈ T do begin
m := −∞;
for j ∈ T in non-decreasing order of est j do
if j ≪ i then

m := max m, est j + p j ;
esti := max {m, esti };
end;

A symmetric algorithm adjusts lcti .
3.2. Θ-trees

One of the main complexities of the filtering algorithms for an unary resource is
to quickly compute the earliest completion time ectΘ of some set Θ. The following data
structure can help us to quickly recompute the value ectΘ whenever the set Θ is changed.
The name Θ-tree comes from the fact that the represented set will be always named Θ.
The idea of Θ-trees was first introduced in [26] and then slightly modified in [28]. In
the following, we will use this modified version of Θ-trees.
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A Θ-tree is a balanced binary tree. Activities from the set Θ are represented by
leaf nodes3 . In the following we do not make a difference between an activity and the
leaf node representing that activity. Internal nodes of the tree are used to hold some
precomputed values. For an example of a Θ-tree see Figure 9.

ΣP = 25
ect = 45

ΣP = 11
ect = 31

esta = 0
pa = 5
ΣPa = 5
ecta = 5

ΣP = 14
ect = 44

estb = 25
pb = 6
ΣPb = 6
ectb = 31

estc = 30
pc = 4
ΣPc = 4
ectc = 34

estd
pd
ΣPd
ectd

= 32
= 10
= 10
= 42

Figure 9. An example of a Θ-tree for Θ = {a, b, c, d}.

Let v be an arbitrary node of a Θ-tree (an internal node or a leaf). We define
Leaves(v) to be the set of all activities represented in the leaves of the subtree rooted
at the node v. Further let:
ΣPv =

∑

pj

j∈Leaves(v)


ectv = ectLeaves(v) = max estΘ′ + pΘ′ , Θ′ ⊆ Leaves(v)

Clearly, for an activity i ∈ Θ we have ΣPi = pi and ecti = esti + pi . And for the root node
r we have ectr = ectΘ .
For an internal node v the value ΣPv can be easily computed from the direct descendants left(v) and right(v):
ΣPv = ΣPleft(v) + ΣPright(v)

(18)

3 This is the main difference from [26]. The tree is deeper by one level, however a simpler computation
of ect and ΣP compensates that.
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In order to compute also ectv recursively, the activities have to be stored in the leaves
in the non-decreasing order by est from left to right. In particular for any two activities
i, j ∈ Θ, if esti < est j then the activity i is stored on the left from the activity j. Due to
this property the following inequality holds:
∀i ∈ Left(v), ∀ j ∈ Right(v) :

esti ¬ est j

(19)

where Left(v) is a shortcut for Leaves(left(v)), similarly Right(v).
Proposition 7 For an internal node v, the value ectv can be computed by the following
recursive formula:

ectv = max ectright(v) , ectleft(v) + ΣPright(v)
(20)
Proof From the definition (1), the value ectv is:

ectv = ectLeaves(v) = max estΘ′ + pΘ′ , Θ′ ⊆ Leaves(v)

With respect to the node v we will split the sets Θ′ into the following two categories:
1. Left(v) ∩ Θ′ = Ø, i.e., Θ′ ⊆ Right(v). Clearly:

max estΘ′ + pΘ′ , Θ′ ⊆ Right(v) = ectRight(v) = ectright(v)

2. Left(v) ∩ Θ′ 6= Ø. Then estΘ′ = estΘ′ ∩Left(v) because of the property (19). Let S be
the set of all possible Θ′ considered in this part of the proof:
S = {Θ′ , Θ′ ⊆ Θ & Θ′ ∩ Left(v) 6= Ø}
Then:

max estΘ′ + pΘ′ , Θ′ ⊆ S =
n
o
= max estΘ′ ∩Left(v) + pΘ′ ∩Left(v) + pΘ′ ∩Right(v) , Θ′ ⊆ S =
n
o
= max estΘ′ ∩Left(v) + pΘ′ ∩Left(v) , Θ′ ⊆ S + pRight(v) =
= ectleft(v) + ΣPright(v)

We used the fact that the maximum is achieved only by such a set Θ′ for which
Right(v) ( Θ′ and therefore pΘ′ ∩Right(v) = pRight(v) . Also we used the fact that Θ′ ∩
Left(v) enumerates all possible subsets of Left(v) and thus:
n
o
max estΘ′ ∩Left(v) + pΘ′ ∩Left(v) , Θ′ ⊆ S = ectleft(v)
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Operation

Time Complexity

Θ := Ø
Θ := Θ ∪ {i}
Θ := Θ \ {i}
ectΘ

O (1) or O (n log n)
O (log n)
O (log n)
O (1)

Table 1. Worst-case time complexities of operations on Θ-trees.

Combining the results of parts 1 and 2 together we see that the formula (20) is correct.
⊓
⊔
Due to the recursive formulas (18) and (20), the values ectv and ΣPv can be easily
computed within usual operations with a balanced binary tree without changing their
time complexities. Time complexities of operations with Θ-trees are summarized in Table 1.
Notice that Θ-trees can be implemented as any type of a balanced binary tree. The
only requirement is the time complexity O (log n) for inserting or deleting a leaf, and the
time complexity O (1) for finding the root node.
According to the author’s experience, the most efficient implementation of Θ-trees is
to make the shape of the tree fixed during the whole computation. I.e., instead of adding
and removing leaves in the tree we just activate and deactivate them. A deactivated leaf
representing the fact that an activity i is not in the set Θ has ΣPi = 0 and ecti = −∞.
Clearly, these additional ‘empty’ leaves do not interfere with the formulas (18) and (20).
3.3. Overload checking

Let us recall the definition (3) of the set LCut(t, j):

LCut(T, j) = k, k ∈ T & lctk ¬ lct j
The algorithm is based on the following observation:

Observation 1 Let T = { j1 , j2 , . . . , jn } and lct j1 ¬ · · · ¬ lct jn . Then LCut(T, j1 ) ⊆
LCut(T, j2 ) ⊆ · · · ⊆ LCut(T, jn ).
The idea is to get activities in non-decreasing order of lct j and to compute
Θ = LCut(T, j). Due to the ordering of the activities the set LCut(T, j) can be quickly
recomputed from the previous set.
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Algirithm 3: Overload Checking
1
2
3
4
5
6

Θ := Ø;

for j ∈ T in non-decreasing order of lct j do begin
Θ := Θ ∪ { j};
if ectΘ > lct j then
fail; {No solution exists}
end;

Notice that if there are two activities jk and jk+1 such that lct jk = lct jk+1 then the
set Θ is not really LCut(T, jk ) until the second activity jk+1 is also included into the
set Θ. Nevertheless, this does not influence soundness of the algorithm.
The worst-case time complexity of this algorithm is O (n log n) – the activities have
to be sorted and n-times an activity is inserted into the set Θ.
3.4. Detectable precedences

Let us recall the definition of the detectable predecessors of the activity i (15):

DPrec(T, i) = j, j ∈ T & esti + pi > lct j − p j & j 6= i

Unfortunately the sets DPrec(T, i) are not nested in each other in a similar way as the
sets LCut(T, i). The problem is the condition i 6= j. Thus let us define the set DPrec′ (T, i)
as:

DPrec′ (T, i) = j, j ∈ T & esti + pi > lct j − p j
Clearly DPrec(T, i) = DPrec′ (T, i)\{i}. The sets DPrec′ (T, i) are nested in the following
way:

Observation 2 Let T = {i1 , i2 , . . . , in } and est1 + p1 ¬ est2 + p2 ¬ · · · ¬ estn + pn . Then
DPrec′ (T, i1 ) ⊆ DPrec′ (T, i2 ) ⊆ · · · ⊆ DPrec′ (T, in ).
Algorithm 4 is based on a incremental computation of the sets DPrec′ (T, i). Initial
sorts take O (n log n). Lines 5 and 6 are repeated n times maximum over all iterations
of the for cycle, because each time an activity is removed from the queue. Line 8 can
be done in O (log n). Therefore the worst-case time complexity of the algorithm is
O (n log n).
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Algirithm 4: Detectable Precedences
1
2
3
4
5
6
7
8
9
10
11

Θ := Ø;

Q := queue of all activities j ∈ T in non-decreasing order of lct j − p j ;
for i ∈ T in non-decreasing order of esti + pi do begin
while esti + pi > lctQ.first − pQ.first do begin
Θ := Θ ∪ {Q.first};
Q.dequeue;
end;

′
esti := max esti , ectΘ\{i} ;
end;
for i ∈ T do
esti := est′i ;
3.4.1.

Note about idempotency

We did not even try to make the algorithm idempotent since it is necessary to repeat
all propagation algorithms until a fixpoint is reached (see Chapter 1.3). And we do the
same in all following algorithms.
However it is possible to improve the algorithm in two ways:
a) The current algorithm does not change esti immediately, it stores the new bound in
est′i and apply the change at the end. But it would be possible to change esti immediately and rebalance the Θ-tree (if i ∈ Θ). This would not lead to an idempotent
algorithm, but it can save some iterations for reaching a fixpoint.
b) Make the algorithm idempotent. Note that Detectable Precedences algorithm has
two parts - the one which updates esti (presented above) and the symmetrical one
which updates lcti . Even if we make both parts idempotent, together they will
not be idempotent. Therefore it is necessary to search for fixpoint even with such
algorithm.
I would like to consider these improvements in my future work.
3.5. Not-first/not-last

Let us recall the definition of the set NLSet(T, i):

NLSet(T, i) = j, j ∈ T & lct j − p j < lcti & j 6= i

Again the sets NLSet(T, i) are not nested in each other because of the condition j 6= i.
Let us define:

NLSet′ (T, i) = j, j ∈ T & lct j − p j < lcti
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Hence NLSet(T, i) = NLSet′ (T, i) \ {i}. The sets NLSet′ (T, i) are now nested in the following way:
Observation 3 Let T = {i1 , i2 , . . . , in } and lct1 ¬ lct2 ¬ · · · ¬ lctn . Then:
NLSet′ (T, i1 ) ⊆ NLSet′ (T, i2 ) ⊆ · · · ⊆ NLSet′ (T, in )
The idea of the Algorithm 5 is to compute the sets NLSet′ (T, i) incrementally in the variable Θ. Lines 9–11 are repeated n times maximum because each
time an activity is removed from the queue. The check on the line 13 can be done in
O (log n). Therefore the worst-case time complexity of the whole algorithm is O (n log n).
Algorithm 5: Not-Last
1
2
3
4
5
6
9
10
11
12
13
14
15
16
17

for i ∈ T do
lct′i := lcti ;
Θ := Ø;

Q := queue of all activities j ∈ T in non-decreasing order of lct j − p j ;
for i ∈ T in non-decreasing order of lcti do begin
while lcti > lctQ.first − pQ.first do begin
j := Q.first;
Θ := Θ ∪ { j};
Q.dequeue;
end;
if ectΘ\{i} > lcti − pi then

lct′i := min lct j − p j , lct′i ;
end;
for i ∈ T do
lcti := lct′i ;

Without changing the time complexity the algorithm can be slightly improved: the
not-last rule can be also checked for the activity Q.first just before the insertion of the
activity Q.first into the set Θ (i.e., after the line 6):
7
8

if ectΘ > lctQ.first − pQ.first then
lct′Q.first := lct j − p j ;

This modification may in some cases save a few iterations of the algorithm.
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3.6. Θ-Λ-trees

Before we continue with the Edge Finding algorithm, let us introduce an extension of
the Θ-tree data structure called a Θ-Λ-tree. The extension is motivated by the alternative
Edge Finding rule (EF’):
∀ j ∈ T, ∀i ∈ T \ LCut(T, j) : ectLCut(T, j)∪{i} > lct j ⇒ LCut(T, j) ≪ i
Suppose that we have chosen one particular activity j, constructed the set Θ = LCut(T, j)
and now we want the check this rule for each applicable activity i.
Unfortunately this would be too slow using the standard Θ-trees. For each activity i
we would have to:
1. add the activity i into the set Θ,
2. check whether ectΘ > lct j ,
3. remove the activity i from the set Θ.
Time complexity of this procedure is O (log n) for each activity i.
The idea how to surpass this problem is to extend the Θ-tree structure in the following
way: all applicable activities i will be also included in the tree, but as gray nodes. A gray
node represents an activity i which is not really in the set Θ. However, we are curious
what would happen with ectΘ if we are allowed to include one of the gray activities
into the set Θ. More precisely: let Λ ⊆ T be a set of all gray activities, Λ ∩ Θ = Ø. The
purpose of the Θ-Λ-tree data structure is to compute the following value:


ect(Θ, Λ) = max {ectΘ } ∪ ectΘ∪{i} , i ∈ Λ
(21)
The meaning of the values ect and ΣP in the new tree remains the same, however
only regular (white) nodes are taken into account. Moreover the following two values
are added into each node of the tree:

ΣPv = max pΘ′ , Θ′ ⊆ Leaves(v) & |Θ′ ∩ Λ| ¬ 1
= max {{0} ∪ {pi , i ∈ Leaves(v) ∩ Λ}} +

∑

pi

i∈Leaves(v)∩Θ


ectv = ectLeaves(v) = max estΘ′ + pΘ′ , Θ′ ⊆ Leaves(v) & |Θ′ ∩ Λ| ¬ 1

ΣP is the maximum processing time of the activities in a subtree if one gray activity can
be used. Similarly ect is the earliest completion time of a subtree with at most one gray
activity included. For example of a Θ-Λ-tree see Figure 10.
The idea how to compute values ΣPv and ectv for an internal node v follows. In both
cases a gray activity can be used only once: in the left subtree of v or in the right subtree
of v. Note that the gray activity used for ΣPv (or we say the gray activity responsible for
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ΣPv ) can be different from the gray activity used for (responsible for) ectv . The following
formulas are modifications of (18) and (20) to handle gray nodes:

ΣPv = max ΣPleft(v) + ΣPright(v) , ΣPleft(v) + ΣPright(v)

ectv = max ectright(v) ,

(a)

ectleft(v) + ΣPright(v) , ectleft(v) + ΣPright(v)

(b)

Line (a) considers all sets Θ′ such that Θ′ ∩ Left(v) = Ø (see (1) of ect on page 165).
Line (b) considers all sets Θ′ such that Θ′ ∩ Left(v) 6= Ø.
ΣP = 21
ect = 44
ΣP = 26
ect = 49

esta = 0

ΣP = 11

ΣP = 10

ect = 34

ect = 42

ΣP = 11

ΣP = 15

ect = 34

ect = 45

estb = 25

estc = 30

pa = 5

pb = 9

pc = 5

estd = 32
pd = 10

ΣPa = 5

ΣPb = 9

ΣPc = 0

ΣPd = 10

ecta = 5

ectb = 34

ectc = −∞

ectd = 42

ΣPa = 5

ΣPb = 9

ΣPc = 5

ΣPd = 10

ecta = 5

ectb = 34

ectc = 35

ectd = 42

Figure 10. An example of a Θ-Λ-tree for Θ = {a, b, d} and Λ = {c}.

For each node v we can also compute the gray activity which is responsible for ectv
or ΣPv . If v is a leaf node (an activity i) then:
(
i
if i is gray,
responsible ΣP (i) =
undef otherwise.
(
i
if i is gray,
responsible ect (i) =
undef otherwise.
And for an internal node v:
(
responsible ΣP (left (v))
if ΣP(v) = ΣPleft(v) + ΣPright(v)
responsible ΣP (i) =
responsible ΣP (right (v)) if ΣP(v) = ΣPleft(v) + ΣPright(v)
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Operation

Time Complexity

(Θ, Λ) := (Ø, Ø)
(Θ, Λ) := (T, Ø)
(Θ, Λ) := (Θ \ {i}, Λ ∪ {i})
Θ := Θ ∪ {i}
Λ := Λ ∪ {i}
Λ := Λ \ {i}
ect(Θ, Λ)
ectΘ

O (1)
O (n log n)
O (log n)
O (log n)
O (log n)
O (log n)
O (1)
O (1)

Table 2. Worst-case time complexities of operations on Θ-Λ-trees.



responsible ect (right (v)) if ect(v) = ectright(v)
responsible ect (v) = responsible ΣP (right (v)) if ect(v) = ectleft(v) + ΣPright(v)


responsible ect (left (v))
if ect(v) = ectleft(v) + ΣPright(v)

Due to these recursive formulas all these computations can be done with usual operations on balanced binary trees without changing their time complexities. Table 2 shows
the time complexities of selected operations on Θ-Λ-trees.
3.7. Edge finding

By Observation 1 (page 182) we known that the sets LCut(T, j) are nested and by
Property 1 (page 170) we know that for each activity i we are looking for the biggest
LCut(T, j) such that the rule (EF’) holds.
Let jn be the activity with the greatest lct j from the set T . The Algorithm 6 starts
with Θ = LCut(T, jn ) = T and Λ = Ø. Activities are sequentially (in non-increasing
order by lct j ) moved from the set Θ into the set Λ, i.e., white nodes are discolored to
gray. This way Θ is always some LCut(T, j) (with an exception when there are two
activities with the same lct) and the set Λ is the set of all activities i for which the rule
(EF’) was not applied yet. As soon as ect(Θ, Λ) > lctΘ , a responsible gray activity i is
updated. Due to Property 1 the activity i cannot be updated better, therefore it can be
removed from the set Λ.
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Algorithm 6: Edge Finding
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

(Θ, Λ) := (T, Ø);

Q := queue of all activities j ∈ T in non-increasing order of lct j ;
j := Q.first;
while Q.size > 1 do begin
if ectΘ > lct j then
fail; {Resource is overloaded}
(Θ, Λ) := (Θ \ { j}, Λ ∪ { j});
Q.dequeue;
j := Q.first;
while ect(Θ, Λ) > lct j do begin
i := gray activity responsible for ect(Θ, Λ);
esti := max{esti , ectΘ };
Λ := Λ \ {i};
end;
end;

Note that at line 11 there has to be some gray activity responsible for ect(Θ, Λ)
because otherwise we would end up by fail on line 11. Lines 5 and 6 make the same
check as the Overload Checking algorithm therefore they are not mandatory and can be
removed.
During the entire run of the algorithm, the maximum number of iterations of the
inner while loop (lines 10–14) is n, because each iteration removes an activity from the
set Λ. Similarly, the number of iterations of the outer loop is n, because each time an
activity is removed from the queue Q. According to Table 2 the worst time complexity
of each single line within the loops is O (log n). Therefore the worst-case time complexity
of the whole algorithm is O (n log n).
Note that at the beginning Θ = T and Λ = Ø, hence there are no gray activities and
therefore ectk = ectk and ΣPk = ΣPk for each node k. Hence we can save some time by
building the initial Θ-Λ-tree as a ‘normal’ Θ-tree.

4.

Optional activities
4.1. Motivation

Nowadays, many practical scheduling problems have to deal with alternatives – activities which can choose their resource, or activities which exist only if a particular
alternative of processing is chosen. From the resource point of view, it is not yet decided
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whether such activities will be in the final schedule or not. Therefore we will call such
activities optional.
For an optional activity, we would like to speculate what would happen if the activity
is processed by the resource. This chapter presents strong filtering algorithms for an
unary resource with optional activities.
4.2. History

Traditionally, resource constraints are not designed to handle optional activities properly, and there are only limited ways how to model them. The following paragraphs
describes such models.
Dummy activities It is a workaround for constraint solvers which do not allow to
add more activities on the resource during a search (i.e., the resource constraint is not
dynamic [6]). Processing times of activities are changed from constants to domain variables. Several ‘dummy’ activities with possible processing times h0, ∞) are added on
the resource as a reserve for later activity addition. Filtering algorithms work as usual,
but they use the minimal possible processing time instead of the original constant processing time. Note that dummy activities have no influence on other activities on the
resource, because their processing time can be zero. Once an alternative is chosen, a
dummy activity is turned into a regular activity (i.e., the minimal processing time is no
longer zero). The main disadvantage of this approach is that the impossibility to use a
particular alternative cannot be detected before that alternative is actually tried.
Filtering of options The idea is to run a filtering algorithm several times, each time
with one of the optional activities temporarily set as regular activity. When a fail is found
then the optional activity is rejected. Otherwise bounds of the optional activity can be
adjusted. [7] introduces so called PEX-Edge Finding with time complexity O (n3 ). Any
existing filtering algorithm for regular unary resource constraint can be extended this
way by the cost of increasing its time complexity by factor n.
Cumulative resources If we have a set of similar alternative machines, this set can be
modeled as a cumulative resource. This additional (redundant) constraint can improve
the propagation before activities are distributed among machines. There is also a special
filtering algorithm [29] designed to handle this type of alternatives.
4.3. New approach

The approach described in this chapter was published in [27, 28]. The idea is to modify existing filtering algorithms to treat optional activities differently: regular activities
influence all other activities on the resource but optional activities do not. This way we
try to achieve the same filtering as was described in the paragraph ‘filtering of options’
without increasing the time complexity by factor n. This chapter describes the following
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filtering algorithms for unary resource with optional activities: Overload Checking, Detectable Precedences and Not-First/Not-Last. For Edge-Finding with optional activities
see [16].
Let us start with the basic notation. To handle optional activities we extend each
activity i by a variable called existsi with the domain {true, false}. When existsi = true
then i is a regular activity, when existsi ∈ {true, false} then i is an optional activity.
Finally when existsi = false we simply exclude this activity from all our considerations.
To make the notation concerning optional activities simpler, let R be the set of all
regular activities and O the set of all optional activities, T = R ∪ O, R ∩ O = Ø.
For optional activities requiring a resource, we would like to consider the following
questions:
1. If an optional activity should be processed by the resource (i.e., if an optional
activity is changed to a regular activity), would the resource be overloaded? Recalling the rule (OL) the resource is overloaded if there is such a set Ω ⊆ R that:
estΩ + pΩ > lctΩ
Certainly, if a resource is overloaded then the problem has no solution. Hence if
an addition of an optional activity i results in an overloading then we can conclude
that existsi = false.
2. If the addition of an optional activity i does not result in an overloading, what is
the earliest possible start time and the latest completion time of the activity i with
respect to the regular activities on the resource? We would like to apply usual filtering algorithms for the activity i, however the activity i cannot cause any change
on regular activities.
3. If an optional activity i would become a regular activity, will the first run of a
filtering algorithm result in a fail? For example, with i turned into regular activity,
Detectable Precedences can increase estk of another (regular) activity k so much
that estk + pk > lctk . In that case we can also propagate existsi = false.
In the following we will try to extend the algorithms from previous chapters by
taking the tree items above into account. Note that it would be possible to go even further.
For example, we could take into account two optional activities at the same time and try
to reason about what happens if both of them become regular. However, to my best
knowledge, there is currently no such algorithm.
4.4. Overload checking with optional activities

This section presents a modified Overload Checking algorithm which can handle
optional activities. The original overload rule (OL) remains valid, however we must
consider only regular activities R:
∀Ω ⊆ R :

(lctΩ − estΩ < pΩ

⇒

fail)

(OLo )
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Now let us take into account an optional activity o ∈ O. If a change this optional activity into regular activity would result in an overloading then the activity can never be
processed by the resource:


∀Ω ⊆ R, o ∈ O :
lctΩ∪{o} − estΩ∪{o} < pΩ∪{o} ⇒ existso := false
(OLoe )

Proposition 1 (page 166) shows that these two rules are equivalent to:

∀j ∈ R :
ectLCut(R, j) > lct j ⇒ fail
∀ j ∈ R ∪ {o} :

ectLCut(R∪{o}, j) > lct j

⇒

existso := false

where LCut(R, j) is (recall the definition (3) from the page 166):

LCut(R, j) = k, k ∈ R & lctk ¬ lct j

(OL′o )


(OL′oe )

Let us assume that the activity j ∈ T is fixed and we want to find all activities o for
which the rule (OL′oe ) propagates. Clearly lcto ¬ lct j , otherwise o 6∈ LCut(R ∪ {o}, j) and
if the rule (OL′oe ) holds than the resource is overloaded even without optional activity o.
The set of all applicable activities o is therefore:

LCut(O, j) = o, o ∈ O & lcto ¬ lct j
With all these possible activities o what is the maximum value of ectLCut(R∪{o}, j) ? Recall
definition (21) from page 186:

max ectLCut(R∪{o}, j) , o ∈ LCut (O, j) = ect (LCut (R, j) , LCut (O, j))

Thus the rule (OL′oe ) is applicable if and only if ect(LCut(R, j), LCut(O, j)) > lct j . In
this case the activity responsible for ect(LCut(R, j), LCut(O, j)) can be excluded from
the resource.
Algorithm 7 detects overloading, it also deletes all optional activities o such that an
addition of this activity o alone causes an overload. Of course, a combination of several
optional activities may still cause an overload. The algorithm is based on the idea above
and on Observation 1 about nesting of the sets LCut.
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Algorithm 7: Overload Checking with Optional Activities
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

(Θ, Λ) := (Ø, Ø);

for i ∈ T in non-decreasing order of lcti do begin
if i is an optional activity then
Λ := Λ ∪ {i};
else begin
Θ := Θ ∪ {i};
if ectΘ > lcti then
fail; {No solution exists}
end;
while ect(Θ, Λ) > lcti do begin
o := optional activity responsible for ect(Θ, Λ);
existso := false;
Λ := Λ \ {o};

end;
end;

Note that it is possible that at line 11 o = i holds. In this case at the next run of the
while cycle the value ect(Θ, Λ) is compared with lcti on the line 10 even thought i is no
longer in Θ nor in Λ. However that is not important: in this case ect(Θ, Λ) > lcti can no
longer hold because that would be already detected in the previous run of the outer for
cycle.
The worst-case time complexity of the algorithm is O (n log n). The inner while loop
is repeated n times maximum because each time an activity is removed from the set Λ.
The outer for loop has also n iterations, the time complexity of each single line is
O (log n) at most (see Table 2).
4.5. Detectable precedences with optional activities

Let us recall the original propagation rule (DP) for detectable precedences from the
page 173. The rule is designed only for regular activities therefore we have to replace
the set T by R:

∀i ∈ R : esti := max esti , ectDPrec(R,i)
where


DPrec(R, i) = j, j ∈ R & esti + pi > lct j − p j & j 6= i

Regular activities also influence optional activities therefore we can extend the rule
in the following way:

∀i ∈ T : esti := max esti , ectDPrec(R,i)
(DPo )

194

P. VILÍM

And a symmetric rule:
∀i ∈ T :
where


lcti := min lcti , lstDSucc(R,i)

(DPo )


DSucc(R, i) = j, j ∈ R & est j + p j > lcti − pi & j 6= i
The second rule follows. Let i ∈ R be a regular activity, o ∈ O an optional activity
and let o ≪ i be a detectable precedence.
If o becomes a regular activity then esti will

be updated by the rule above to max esti , ectDPrec(R∪{o},i) . However this change of esti
may be unfeasible (immediate fail) when:

max esti , ectDPrec(R∪{o},i) + pi > lcti

In this case o cannot be processed by the resource and we can set existso to false. The
full rule is:
∀i ∈ R, ∀o ∈ O such that o ≪ i is detectable :
ectDPrec(R∪{o},i) + pi > lcti

⇒

existso := false



(DPoe )

The algorithm for the rules (DPo ) and (DPoe ) can be found in [27, 28]. However the
rule (DPoe ) is not really necessary as we will see later in Proposition 8. But first let us
prove the following lemma:
Lemma 2 Let i ∈ R be a regular activity, o ∈ O be an optional activity and let i ≪ o and
o ≪ i be detectable precedences. Then full propagation according to the rules (OLoe )
and (DPo ) sets existso to false.
Proof Let us consider the moment when the rule (DPo ) finishes propagation of the
precedence i ≪ o. The precedence becomes propagated therefore:
esto  esti + pi
The precedence o ≪ i stays detectable even after propagation (see Proposition 4), therefore:
esti + pi > lcto − po
Combining these two inequalities we get:
esto > lcto − po
Therefore the rule (OLoe ) for the set Ω = Ø sets existso to false.

⊓
⊔
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Proposition 8 Full propagation using the rules (OLo ), (OLoe ), (DPo ) and (DPo ) makes
also all changes resulting from the rule (DPoe ).
Proof Let us consider the state when all propagation using the rules (OLo ), (DPo ) and
(DPo ) is done, i.e., the rule (OLo ) did not detect fail and the rules (DPo ) and (DPo ) are not
able to find any change. In the following we prove that in this moment the rule (DPoe ) can
be substituted by the rule (OLoe ). Note that by the Domain Reduction Theorem [2] the
resulting fixpoint is independent of the sequence in which the (monotonic) propagation
rules are executed.
Let i ∈ R and o ∈ O be such activities that the rule (DPoe ) sets existso to false. We
will prove that the same pruning can achieved using the rule (OLoe ). Let Ψ be such a
subset of DPrec(R ∪ {o}, i) that:
estΨ + pΨ = ectDPrec(R∪{o},i)

(22)

Note that due to the definition of ect such set Ψ must exists and o ∈ Ψ because otherwise
the rule (OLo ) would already end the propagation by fail.
We distinguish two cases: Ψ = {o} and Ψ 6= {o}.
1. Case Ψ = {o}. The rule (DPoe ) sets existso to false, therefore:
ectDPrec(R∪{o},i) + pi > lcti
by (22) and Ψ = {o}

esto + po + pi > lcti

Thus the precedence i ≪ o is detectable. The precedence o ≪ i is detectable too
because {o} = Ψ ⊆ DPrec(R ∪ {o}, i). Applying Lemma 2 the rule (OLoe ) sets
existso to false.
2. Case Ψ 6= {o}. For all activities j ∈ Ψ the precedences j ≪ i are detectable because Ψ ⊆ DPrec(R ∪ {o}, i). By applications of the rules (DPo ) and (DPo ) these
precedences become propagated (recall Definition 2) with the exception of the
precedence o ≪ i which is propagated only on the activity o:
∀j ∈ Ψ :
∀ j ∈ Ψ \ {o} :

lct j ¬ lcti − pi
esti  est j + p j

(23)
(24)

Therefore:
lctΨ∪{i} = lcti

(25)

estΨ∪{i} = estΨ

(26)

For (26) we use the fact that Ψ 6= {o} therefore there is a regular activity j ∈ Ψ
for which esti  est j + p j by (24).
The rule (DPoe ) sets existso to false, therefore:
ectDPrec(R∪{o},i) + pi > lcti
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estΨ + pΨ + pi > lcti
estΨ∪{i} + pΨ∪{i} > lctΨ∪{i}

by (22)
by (25) and (26)

Thus the rule (OLoe ) propagates for the activity o and the set Ω = (Ψ ∪ {i}) \ {o}
and sets existso to false.
⊓
⊔
Algorithm 8 is a slightly modified version of Algorithm 4 to handle also optional
activities using the rule (DPo ). The worst-case time complexity of the algorithm remains
the same: O (n log n).
Algorithm 8: Detectable Precedences with Optional Activities
1
2
3
4
5
6
7
8
9
10
11

Θ := Ø;
Q := queue of all regular activities j ∈ R in non-decreasing order of lct j − p j ;

for i ∈ T in non-decreasing order of esti + pi do begin
while esti + pi > lctQ.first − pQ.first do begin
Θ := Θ ∪ {Q.first};
Q.dequeue;
end;

est′i := max esti , ectΘ\{i} ;
end;
for i ∈ T do
esti := est′i ;
4.6. Not-first/not-last with optional activities

Let us recall the rule Not-Last (NL):
∀Ω ( R, ∀i ∈ (R \ Ω) :


estΩ + pΩ > lcti − pi ⇒ lcti := min lcti , max lct j − p j , j ∈ Ω

From this rule we will derive two propagation rules for optional activities:
1. Regular activities also influence optional activities:
∀Ω ⊆ R, ∀i ∈ (T \ Ω) :



estΩ + pΩ > lcti − pi ⇒ lcti := min lcti , max lct j − p j , j ∈ Ω

(NLo )

2. If an optional activity o becomes a regular activity then the rule not-last may result
in an immediate failure by changing lcti below esti + pi . In this case the activity o
cannot be processed by the resource at all:
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∀o ∈ O, ∀Ω ( R ∪ {o}, o ∈ Ω, ∀i ∈ (R \ Ω) :

estΩ + pΩ > lcti − pi & max lct j − p j , j ∈ Ω < esti + pi

⇒ existso := false (NLoe )

The following proposition proves that the propagation rule (NLoe ) is not necessary.
Proposition 9 Full propagation according to the rules (OLo ), (OLoe ), (DPo ) and (DPo )
makes also all changes resulting from the rule (NLoe ).
Proof Let us consider the state when the rules (OLo ), (DPo ) and (DPo ) are not able
to propagate any more. In the following we will prove that in this state the rule (OLoe )
makes also all changes resulting from the rule (NLoe ).
Let the rule (NLoe ) propagates for o ∈ O, Ω ( R ∪ {o} and i ∈ R \ Ω. We distinguish
two cases: Ω = {o} and Ω 6= {o}.
1. Case Ω = {o}. Because the rule (NLoe ) propagates we get:
esto + po > lcti − pi
lcto − po < esti + pi
Thus there are detectable precedences i ≪ o and o ≪ i and by Lemma 2 the rule
(OLoe ) sets existso to false.
2. Case Ω 6= {o}. Because the rule (NLoe ) propagates we get:

max lct j − p j , j ∈ Ω < esti + pi
therefore:

∀j ∈ Ω :

lct j − p j < esti + pi

Thus for all j ∈ Ω there is a detectable precedence j ≪ i. These precedences j ≪ i
are propagated using the rules (DPo ) and (DPo ), with exception of the precedence
o ≪ i which is propagated only to the activity o:
∀ j ∈ Ω : lct j ¬ lcti − pi
∀ j ∈ Ω \ {o} : esti  est j + p j

(27)
(28)

lctΩ∪{i} = lcti

(29)

estΩ∪{i} = estΩ

(30)

Therefore:

For (30) we used the fact that Ω 6= {o} thus there is a regular activity j ∈ Ω such
that esti  est j + p j by (28).
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The rule (NLoe ) propagates, therefore:
estΩ + pΩ∪{i}  lcti
estΩ∪{i} + pΩ∪{i}  lctΩ∪{i}

by (30) and (29)

Therefore the rule (OLoe ) propagates and sets existso to false.
⊓
⊔
Let us return to the propagation rule (NLo ). We can modify this rule in a similar way
as we modified the rule (NL) to (NL’):

∀i ∈ T :

where

estNLSet(R,i) + pNLSet(R,i) > lcti − pi ⇒


lcti := min lcti , max lct j − p j , j ∈ NLSet(R, i)

(NL′o )


NLSet(R, i) = j, j ∈ R & lct j − p j < lcti & j 6= i

Proposition 10 Considering an activity i ∈ T , at most n − 1 iterative applications of the
rule (NL′o ) achieve the same filtering as one pass of the filtering according to the rule
(NLo ).
Proof Analogous to the proof of Proposition 3.
⊓
⊔
The paper [28] presents a propagation algorithm according to the rule (NL′o ) and a
weaker version of the rule (NLoe ). As we proved in Proposition 9 the rule (NLoe ) is not
really necessary. Therefore we can use a more simple Algorithm 9 which propagates
only according to the rule (NLoe ). It is a simple modification of Algorithm 5. The
difference is that at line 4 we put only regular activities into the queue Q, however at
line 5 we iterate over all activities in T including the optional ones. The worst-case time
complexity remains to be O (n log n).
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Algorithm 9: Not-Last with Optional Activities
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

for i ∈ T do
lct′i := lcti ;
Θ := Ø;
Q := queue of all activities j ∈ R in non-decreasing order of lct j − p j ;

for i ∈ T in non-decreasing order of lcti do begin
while lcti > lctQ.first − pQ.first do begin
j := Q.first;
Θ := Θ ∪ { j};
Q.dequeue;
end;
if ectΘ\{i} > lcti − pi then

lct′i := min lct j − p j , lct′i ;
end;
for i ∈ T do
lcti := lct′i ;

5.

Conclusions

This article presents propagation algorithms for the unary resource constraint. The
main advantages of these algorithms are their speed and propagation power. With the
exception of precedence energy all of these algorithms has time complexity O (n log n)
what makes them very fast and scalable. Furthermore they are able to adjust time bounds
of optional activities even before it is decided whether they will be part of the schedule or
not. This property is very important for dealing with alternative production rules, which
are often part of the real-life problems. Variants4 of the algorithms presented here are
implemented and available in the ILOG CP Optimizer 2.0 [1].
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me to design the presented algorithms. Also I would like to thank Philippe Laborie and
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4 The

article does not describe implementation tricks and optimizations which does not influence worst
case time complexities of the presented algorithms. These implementation details are considered to be
technical know-how of ILOG.
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[23] A. S CHUTT, A. W OLF and G. S CHRADER: Not-first and not-last detection for
cumulative scheduling in O(n3 log n). Proc. 16th Int. Conf. Applications of Declarative Programming and Knowledge Management, (2005), 66-80.
[24] P. T ORRES and P. L OPEZ: On not-first/not-last conditions in disjunctive scheduling. European J. Operational Research, 127(2), (1999), 332-343.
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