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One-DoF robust control of shaft supported
magnetically
ZDZISŁAW GOSIEWSKI and ARKADIUSZ MYSTKOWSKI

The paper presents a robust control of the motion of a shaft supported by magnetic bearings. The dynamics of magnetic suspension systems are characterized by their instability and
uncertainty of the plant. Therefore apart from the model of the plant we determined a model
of the parametrical uncertainty. The uncertainty is modeled as additive. Current stiffness ki and
displacement stiffness ks are assumed to be the uncertainty parameters. The performance of the
closed-loop system, signals limits, and the disturbances influence are determined with the aid
of the weighting functions. Three weighting functions are designed: We (s)–penalizing the error signal e, Wu (s)–penalizing the input signal u, and Wy (s)–penalizing the output signal x. For
these functions and the uncertainty model we assigned the augmented control model. For the
augmented control system we assigned the robust controller. The robust controller assures high
quality of control despite of the uncertainty model of the plant, disturbances in the systems, signals limits and high dynamics of the system. Next the H∞ closed-loop system is compared with
the standard PID closed-loop system. Finally simulation results show effectiveness of the control system as good initial responses/transient responses and robustness of the designed robust
controller.
Key words: active magnetic bearings (AMB), robust controller, weighting functions, H∞
norm

1.

Introduction

The active magnetic suspension system enable for non-contact suspension of shaft
[6]. That means no friction forces and no mechanic wear in kinematical pair. Standard
control methods do not allow us to take into account the all factors which influence on
static and dynamic quality of control. Thus, in the paper we consider the robust control.
The robust control allows us to achieve a good control performances in spite of disturbances and uncertainty of plant. Particularly the robust control method can be used to
control of nonlinear and unstable systems [7]. The signals limits can also be consider
in the robust stable system. In the paper the robust control was applied in the magnetic
bearings system.
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In our considerations we assumed that the rigid rotor was supported in two radial
magnetic bearings and one axial bearing [3]. Each of the radial bearings limit motion
of the rotor in two directions. Such system has five degrees of freedom (5-DoF). We
assumed that the control system can be designed independently for each of control directions. The mass of the rotor was reduced to bearing planes. It means, we have omitted
coupling effects between particular degrees of freedom. Thus, we will design control
loop for each degree of freedom (one-DoF control). Such approach is fully justified for
slowly rotating rotor. In this work the plant model and the uncertainty model of the
plant was showed. The PID controller was also designed. The PID controller was used
to stabilize nominal model of unstable open-loop system. In the augmented system we
considered the additive uncertainty model. The performances of the closed-loop system
were defined. The constraints of input and output signals are described by the weighting
functions. For robust control purpose the weighting functions were designed.

2.

Plant of control

The plant of control is a rotor suspended in the electromagnetic field by two radial
magnetic bearings. The open-loop model of magnetic bearings system for each axis of
control is given by the following model [3]:
ẋ = Ac x + Bc u,
(1)
y = Cx,
where:
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x0 –air gap [m], xz –mass displacement of shaft from centre of magnetic bearing to operating point [m], K–design constant of magnetic bearing, u–voltages [V], R–resistance of
coils [Ω], Ls , L0 –losses inductance and inductances of air gap [H], ki –current stiffness
[N/A], ks –displacement stiffness [N/m], m–mass of rotor reduced to bearing plane [kg],
v41 =
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A–radial surface of pole piece [m2 ], N–number of coils. The index {1 } and {2 } describes
upper and lower coils.
The operating point is described by the parameters given as follows:
x = xz ,

iz1 =

x0 − xz
i0 ,
x0

iz2 =

x0 + xz
i0 .
x0

(2)

The linear model of plant is described be the following transfer function [3]:
2ki
m


.
G(s) =
2ks
2ks
2ks
3
2
(Ls + L0 )s + Rs + L0
− (Ls + L0 )
s−R
m
m
m

(3)

2.1. Nominal model of the plant

The model of the plant with nominal parameters is called nominal model. The values of nominal parameters are calculated for some operating point. The nominal model
has to reflect the real plant as exactly as possible. The magnitude of the uncertainty
model should be smaller. When the model of the plant correspondes to the real plant, the
magnitude of the uncertainty model is small. In our case the best nominal model is for
operating point: xz = 0.
We assumed that uncertain parameters are: ki and ks . In our case the nominal values
of ki and ks are: ki = 280 N/A and ks = 2.3 · 106 N/m. For the following nominal data:
m = 22 kg, R = 0.5 Ω, Ls = 0 H, L0 = 0.05 H, the nominal model of plant (for Ls = 0) is
given by the model:
25.45
G0 (s) =
.
(4)
3
0.05s + 0.5s2 − 104545.45
Fig. 1 shows the simulation scheme for the nominal model one-DoF active magnetic
suspension.

3.

Design of model uncertainty in magnetic bearings system

The robust controller should assure good performance in the case when the nominal
model does not exactly reflects the real plant. Because the states of process controll
are time-variant, the uncertainty model is needed. Also when external disturbances have
high dynamic (wide frequency spectrum) the uncertainty model is necessary. The robust
control with uncertainty modelling is especially usefull when parameters of the real plant
are variable.
3.1. Parametric uncertainty

For robust control purposes we have to define how nominal model differs from the
real plant at particular frequencies. We also have to assure a required bandwidth. The size
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Figure 1. The nominal model of active magnetic suspension

of the model variation is defined by the uncertainty of parameters. Different positions
of shaft xz in air gap cause changes of the induction in upper and lower coils. These
inductions are described as follows [3]:
L01 =

K1
,
2(x0 − xz )

L02 =

K2
,
2(x0 − xz )

(5)

The nominal values of parameters ki and ks are given in the form:
ki =

K i0
i0
= L0 2 ,
2
2 x0
x0

ks =

i20
K i20
=
L
.
0
2 x30
x30

(6)

The ranges of uncertain parameters are shown in Tab. 3.1. The deviation of parameters
was calculated for the case when the shaft rests on the safety bearings (xz = 0.5x0 ).
Parameter
x0 [m]
L0 [H]
ki [N/A]
ks [N/m]

Nominal value
0.5 · 10−3

0.05
280
2.3 · 106

Deviation
Min
−0.25 · 10−3
0.03
162
0.8 · 106

Max
0.25 · 10−3
0.1
540
2.9 · 106

Table 2. The values of uncertain parameters

For minimum and maximum values of uncertain parameters, the model of the plant
is given by the following equations:
G(s)min =

14.7
,
0.05s3 + 0.5s2 − 36364

G(s)max =

49
.
0.05s3 + 0.5s2 − 131820

(7)

ONE-DOF ROBUST CONTROL OF SHAFT SUPPORTED MAGNETICALLY

331

Fig. 2 shows amplitude-frequency plots of the nominal plant and of the plant with uncertain parameters ki and ks .

Figure 2. Amplitude-frequency characteristics of the nominal plant and for the plant with uncertain parameters ki and ks

The uncertainties of parameters ki and ks are given as follows [11]:
ki = ki0 +Wki δi ,

for

|δi | ¬ 1,

ks = ks0 +Wks δs ,

for

|δs | ¬ 1,

(8)

where: ki0 , ks0 –nominal values of parameters ki and ks , Wki , Wks –weighting functions of
uncertain parameters ki and ks , respectively.
3.2. Additive uncertainty

For the nominal model of the magnetic bearings system described by equation (3),
the model of additive uncertainty is given by follows [11]:
∆a (s) = G(s) − G0 (s).

(9)

The frequency information about the additive uncertainty model is needed. The spectral
transfer function of the additive uncertainty is given by inequality:
|∆a ( jω)| = |G( jω) − G0 ( jω)| ¬ la ( jω),

∀ ω.

(10)

The maximum value of the additive uncertainty is limited by the boundary function
la ( jω). Fig. 3 shows the amplitude-frequency characteristics of the additive uncertainty
function ∆a ( jω) and of the boundary function la ( jω).
The simulation model of the H∞ closed-loop system with the additive uncertainty is
presented in Fig. 4.
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Figure 3. Amplitude-frequency plots of the plant nominal model, additive uncertainty ∆a ( jω) and boundary
function la ( jω)

Figure 4. Simulation model of the H∞ closed-loop system with the additive uncertainty

4.

Design process of control system
4.1. Weighting functions

The performance of the robust control system depends on the properly chosen
weighting functions. The weighting functions describe the influence of particularly signals on the control system behaviour. The proper choose of the weighting functions is
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important. The input weighting function Wu (s), the robustness weighting function Wy (s)
and the performance weighting function We (s) were designed. They have the form:
We (s) =
Wy (s) =
Wu (s) =

0.33s2 + 577.4s + 250000
,
s2 + 100s + 2500
10s + 30000
,
s + 60000
s + 666.7
.
0.01s + 1000

(11)

Figure 5. Amplitude-frequency plots of the weighting functions: Wu (s), We (s) and Wy (s)

The robustness function Wy (s) was designed basing on the sensitivity function S(s) =
(I + G0 (s)K(s))−1 . The input function Wu (s) was assigned basing on the control function
R(s) = K(s)(I + G0 (s)K(s))−1 . The performance function We (s) was selected using the
complementary sensitivity function T (s) = G0 (s)K(s)S(s). Fig. 5 shows the amplitudefrequency plots of the weighting functions. The simulation model of the H∞ closed-loop
system with the weighting functions is given in Fig. 6. Fig. 7 presents the amplitude-
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Figure 6. Simulation model of the H∞ closed-loop system with the weighting functions

frequency characteristics of the functions: S(s) and T (s) for the uncertainty of the plant.

Figure 7. Amplitude-frequency plots of the functions: S(s) and T (s)

The weighting functions limit the output and input signals of the control system. The
output signal (displacement of the shaft) is limited to 50% of the air gap x0 = 0.5 mm.
The input signal (current control) is limited to 10 A. The current control signals in upper
and lower coils of the magnetic bearings are shown in Fig. 8. The step load force F =
800 N is a disturbance signal.
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Figure 8. Current control signals in upper and lower coils of the magnetic bearings for step disturbance
force F = 800 N

Figure 9. Pole-maps of the closed-loop and the open-loop systems

4.2. Desing process of the PID controller

The design process of the robust controller bases on the nominal closed-loop system
with PID controller. For magnetic suspension system we have designed PID controller
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Figure 10. Step response of the PID closed-loop system for input force F = 600 N

which is given by the following transfer function:
K(s) =

100.6s2 + 56150s + 30900000
s

(12)

The pole-maps of the open-loop system and the PID closed-loop system are shown in
Fig. 9 The displacement of the shaft for the input step force F = 600 N is presented in
Fig. 10.
4.3. Design process of the H∞ controller

The robust control problem is to find stable controller K, which minimalizes the following norm [1]: kF(G, K)k∞ = sup |F(G, K)( jω)|, where F(G, K) is the transfer funcω∈R

tion of the closed-loop system. The diagram of the standard robust closed-loop system
is shown in Fig. 11. To obtain the robust controller a design process of the augmented
model is necessary. The augmented model includes model of the plant and the weighting
functions. In case of the robust control H∞ the problem is to find controller K that fulfills
the following condition [2]:
kF(G, K)k∞ < γ,
(13)

where γ is a minimal value of optimization factor.
The stability condition of the robust closed-loop system is described as follows [2]:
∀ ∆ ∈ H∞ ,

kr−1 ∆k∞ < 1 if krF(P, K)k∞ ¬ 1,

(14)

where r is the boundary function of the uncertainty function and: k∆( jω)k < r( jω).
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Figure 11. Diagram of the robust closed-loop system: w–reference signal, u–control signal, z–output signal,
y–measurement signal

For proper process of modelling the norm kR( jω)k should be as small as possible.
The transfer function of the H∞ controller is given by the following transfer function:
H∞ (s) =
(15)
5
5
17
4
22
3
25
2
28
30
4.4 · 10 s + 8.8 · 10 s + 5.4 · 10 s + 4.557 · 10 s + 1.3 · 10 s + 1.6 · 10
.
6
s + 4.5 · 107 s5 + 5.2 · 1012 s4 + 1.6 · 1017 s3 + 7.3 · 1020 s2 + 7.1 · 1022 s + 1.78 · 1024

The frequency responses of the PID closed-loop and the H∞ closed-loop systems for
the uncertainty model of the plant are shown in Fig. 12. The step responses of the PID

Figure 12. Frequency responses: a) PID closed-loop system, b) H∞ closed-loop system

closed-loop and H∞ closed-loop systems for the uncertainty model of the plant are presented in Fig. 13. The H∞ closed-loop system has shorter settling time and smaller overshot than the PID closed-loop system. In spite of uncertainties the bandwidth of the
H∞ closed-loop system is much wider than the PID closed-loop system. Because of the
weighting functions, the H∞ closed-loop system has higher order than in the case of the
PID closed-loop system.
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Figure 13. Step responses: a) PID closed-loop system, b) H∞ closed-loop system

5.

Conclusions

In the paper the robust control method was applied in the magnetic bearings system.
The uncertainty model of the plant was assigned. We have considered the parametric
uncertainty, which was include in the robust control system as additive uncertainty. The
input and output signals of the closed-loop system and the disturbances were limited
by the weighting functions. The H∞ robust controller was designed and the H∞ closedloop system was investigated. Then PID and H∞ closed-loop systems were compared.
The H∞ controller achieves better performance than the PID controller. The H∞ closedloop system is robust stable in spite of uncertainty. The designed H∞ closed-loop system
assures wide bandwidth up to 1000 Hz.
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